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Abstract
In this paper we describe the structure of a group of conjugating automorphisms Cn and
prove that this structure is similar to the structure of a braid group Bn with n ≥ 2 strings.
We find the linear representation of group Cn. Also we prove that the braid group Bn(S
2)
of 2–sphere, mapping class group M(0, n) of the n–punctured 2–sphere and the braid group
B3(P
2) of the projective plane are linear. Using result of J. Dyer, E. Formanek, E. Grossman
and the faithful linear representation of Lawrence–Krammer of B4 we construct faithful linear
representation of the automorphism group Aut(F2).
Mathematics Subject Classification: 20F28, 20F36, 20G35
Key words and phrases: free group, conjugating automorphism, automorphism group, braid
group, braid group of manifold, linear representations, width of verbal subgroups.
1 Introduction
It is well known [1,2] that the automorphism group Aut(F2) of a two generated free group F2 can
be constructed from cyclic groups using free and semi direct products. The following problem is
open: is it true for Aut(Fn) for n > 2. Denote F
′
n = [Fn, Fn] (the commutator subgroup of Fn)
and An = Fn/F
′
n. Now An is a free abelian group and we have Aut(An) ≃ GLn(Z). The natural
map from Aut(Fn) into Aut(An) is an epimorphism. The kernel of this map is called the group of
IA–automorphisms and denoted as IA(Fn). The group IA(F2) is the group of inner automorpisms
Inn(F2) which is isomorphic to F2, but Inn(Fn) is a proper subgroup of IA(Fn) if Fn is free of rank
greater than 2.
J. Nielsen showed for n ≤ 3 and W. Magnus showed for all n (see [3, chapter 1, § 4]), that
IA(Fn) is generated by the automorphisms
εijk :
{
xi 7−→ xi[xj , xk] for k 6= i, j,
xl 7−→ xl for l 6= i,
εij :
{
xi 7−→ x
−1
j xixj for i 6= j,
xl 7−→ xl for l 6= i,
∗Partially supported by the Russian Foundation for Basic Research (grant number 02–01–01118).
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where [a, b] = a−1b−1ab is a commutator a and b. J. Nielsen showed that IA(Fn) is the normal
closure in Aut(Fn) of ε12. The defining relation for IA(Fn), n ≥ 3, is not known but S. Krstic and
J. McCool [4] proved that IA(F3) is not finite presented.
Denote subgroup of IA(Fn) which is generated by εij, 1 ≤ i 6= j ≤ n, by Cbn. Group Cbn is
called group of basis–conjugating automorphisms. J. McCool [5] proved that this group is finitely
presented and found defining relations (see below).
Group Cbn is subgroup of group conjugating automorphisms Cn, where automorphism from
Aut(Fn) is called conjugating automorphism if it maps each generator xi to f
−1
i xπ(i)fi, where
fi ∈ Fn and π is a permutation from symmetric group Sn. It is clear that if π is identical
permutation then this conjugating automorphism lies in Cbn. Automorphisms from Cn which
fix product x1x2...xn form the braid group Bn on n strings. The braid group Bn has a normal
subgroup Pn of finite index. Subgroup Pn is called pure braid group and quotient Bn/Pn is the
symmetric group Sn. It is clear that Pn is subgroup of Cbn. The structure of Pn is well known [6,
7]. It is the semi direct product of free groups:
Pn = Un ⋋ (Un−1 ⋋ (. . .⋋ (U3 ⋋ U2)) . . .),
where Ui ≃ Fi−1, i = 2, 3, . . . , n. The following natural question arises: is it true that group of
basis–conjugating automorphisms Cbn is a semi direct product of some group? In this paper we
give positive answer on this question. It will be proved the following theorem
Theorem 1.1 The group of basis–conjugating automorphisms Cbn, n ≥ 2, is a semi direct product
Cbn = Dn−1 ⋋ (Dn−2 ⋋ (. . .⋋ (D2 ⋋D1)) . . .),
where Di =< εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1 >, i = 1, 2, . . . , n − 1. Elements
εi+1,1, εi+1,2, . . . , εi+1,i generate a free group of rank i and elements ε1,i+1, ε2,i+1, . . . , εi,i+1 gen-
erate a free abelian group of rank i. This decomposition is consistent with the decomposition of
Pn, i. e., there is inclusion Ui+1 ≤ Di, i = 1, 2, . . . , n− 1.
Remark that analogous theorem was proved by D. J. Collins and N. D. Gilbert [8] for group
which is the kernel of homomorphism Aut(G) −→ Aut(G), where G = G1 ∗G2 ∗ . . . ∗Gn is a free
product, group G = G1 ×G2 × . . .×Gn is a direct product and each factor Gi is indecomposible
and is not isomorphic to infinite cyclic group.
As a corollary from this theorem we will find the some normal form for words which is presented
elements from Cn. We will prove some properties of Cn and Cbn. We will prove that for n ≥ 2
the group Cn has no more than 4 generators and we will find defining relations. For n ≥ 2 we will
prove that Cbn has not proper verbal subgroups of finite width. This result is closely related to
the question 14.15 from ”Kourovka Notebook” [9].
Also one can ask the following question:
Question 1 For which n the group generated by εijk, 1 ≤ k 6= i, j ≤ n, is finitely defined?
One of the most intriguing problems in the theory of braid groups is the question of whether
Bn is linear, i. e., whether it admits a faithful representation into a group of matrices over field.
This question was formulated by W. Burau in 1936. W. Burau [10] found an n–dimensional
linear representation of Bn which for a long time had been considered as a candidate for faithful
representation. However, as it was established by J. A. Moody [11] in 1991 this representation is
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not faithful for n ≥ 9. This bound was improved for n ≥ 6 by D. Long and M. Paton [12] and to
n ≥ 5 by S. Bigelow [13]. To this date, it is unknown whether the Burau representation of B4 is
faithful.
In 1990 R. J. Lawrence [14] introduced a family of linear representations of Bn. Later D. Kram-
mer [15] and S. Bigelow [16] proved that one of this representation is faithful. Therefore Bn are
linear for all n ≥ 2.
As it was mention above, Bn is subgroup of Aut(Fn). But E. Formanek and C. Procesi [17]
proved that Aut(Fn) is not linear for all n ≥ 3. So the following question arises:
Question 2 Find the maximal related inclusion subgroup of Aut(Fn), n ≥ 3, which contains Bn
and is linear. In particular, is it true that group Cn is linear?
The second part of this problem was formulated in [9, Problem 15.9]. The one natural way for
answer on this question is to extend the known representations of Bn to a representation of Cn.
In this paper we define an extension of the Burau representation on Cn and prove that the
linear representation of Lawrence–Krammer extending on C3 and for n ≥ 4 we define the extension
of this representation for some restrictions on parameters of representation.
Braid group Bn is a particular case of general construction braid group Bn(M) of manifold M
on n strings.
Question 3 For which manifold M and natural n the braid group Bn(M) on n strings is linear?
The greatest interest in this problem is connected to manifolds of dimension two. In the braid
groups of these manifolds only Bn(S
2) of 2–sphere S2 and Bn(P
2) of projective plane P 2 have a
torsion.
In this article we will prove that the mapping class groupM(0, n) of the n–punctured 2–sphere
and braid group Bn(S
2) of 2–sphere are linear for all n ≥ 2. Also we will prove that braid group
B3(P
2) of projective plane is linear (for n = 1, 2 this group is finite). In all cases we will construct
corresponding linear representation. The result that Bn(S
2) is linear was announced in [18]. As it
was known to the author S. Bigelow and R. D. Budney [19] give another proof that groups Bn(S
2)
and M(0, n) are linear.
As we noted above group Aut(Fn) is not linear for n ≥ 3. It was proved in [20] that Aut(F2)
is linear if and only if braid group B4 on 4 strings is linear. In last section we will construct the
faithful linear representation of Aut(F2).
I thankful to J. Meier for pointing out on work [8] and on some non-corrected statement in
the first version of the manuscript.
2 Definitions and notations
We remind some known facts which can be found in [21, 6, 7].
The group G is a semi direct product of A and B if there exist subgroups H and K in G such
that
G = HK, A ≃ H EG, B ≃ K, H ∩K = 1.
Semi direct product is denoted as G = A⋋ B. If A and B have presentations
A =< a1, a2, . . . , ak ‖ A1, A2, . . . , Ap >, B =< b1, b2, . . . , bl ‖ B1, B2, . . . , Bq >,
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then G = A⋋B have presentation
G =< a1, a2, . . . , ak; b1, b2, . . . , bl ‖ A1, A2, . . . , Ap;B1, B2, . . . , Bq; b
−1
i ajbi = Cij,
1 ≤ i ≤ l, 1 ≤ j ≤ k >,
where A1, A2, . . . , Ap, Cij are words in alphabet {a
±1
1 , a
±1
2 , . . . , a
±1
k }, B1, B2, . . . , Bq are words in
alphabet {b±11 , b
±1
2 , . . . , b
±1
l }, elements Ci1, Ci2, . . . , Cik generate group A for each i ∈ {1, 2, . . . , l}
and conjugation by element bi induces automorphism of group A.
Let M be a manifold of dimension ≥ 2. Configuration space Fn(M), n ∈ N, for manifold M is
a set
Fn(M) = {(z1, z2, . . . , zn) ∈M
n|zi 6= zj for i 6= j}
of ordering collections of n distinct points from M . The fundamental group Pn(M) = π1(Fn(M))
of the space Fn(M) is the pure braid group with n strings of the manifold M . Symmetric group
Sn acts on the space Fn(M) permute the coordinats. This action is free and induce the regular
covering of orbit space Fn(M)/Sn by Fn(M). The fundamental group Bn(M) = π1(Fn(M)/Sn)
is called the full braid group of M , or more simply the braid group of M . The regular covering
projection Fn(M) −→ Fn(M)/Sn is induce the short exact sequence
1 −→ Pn(M) −→ Bn(M) −→ Sn −→ 1.
If M is a closed, smooth manifold of dimension n ≥ 2, then the inclusion map Fn(M) −→ M
n
induces a surjective homomorphism Pn(M) −→ π1(M)× . . .×π1(M) pure braid group Pn(M) on
direct product n copies of fundamental group π1(M). If dimM > 2 then this homomorphism also
injective. The braid groups of manifolds of dimension 2 represent the largest interest.
Among the 2–dimension manifolds special role play the 2–sphere S2 and the projective plane
P 2 because the braid groups only this manifolds have elements of finite order. If M is a closed
surface different from S2 or P 2, then in the following sequence of groups
1 −→ Pn(E
2) −→ Pn(M) −→
n∏
i=1
π1(M) −→ 1
the kernel of each homomorphism is equal to the normal closure of the image of the previous
homomorphism in the sequence. In this sequence E2 denotes the Euclidean plane and
∏n
i=1 π1(M)
denoted the direct product of n copies of π1(M).
The classical braid group of Artin Bn is the braid group Bn(E
2) of Euclidean plane E2. We
will call Bn simply braid group.
The braid group Bn, n ≥ 2, with n strings can be defined as the group generated by n − 1
generators σ1, σ2, ..., σn−1 with defining relations
σiσi+1σi = σi+1σiσi+1, i = 1, 2, ..., n− 2, (1)
σiσj = σjσi, |i− j| ≥ 2. (2)
There is a homomorphism ν : Bn −→ Sn from the group Bn to the symmetric group Sn on n
letters defined by
ν(σi) = (i, i+ 1), i = 1, 2, . . . , n− 1.
4
The kernel of homomorphism ν is the pure braid group Pn. The group Pn admits a presentation
with generators
ai,i+1 = σ
2
i ,
aij = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1, i+ 1 < j ≤ n.
and defining relations:
a−νik akja
ν
ik = (aijakj)
ν akj (aijakj)
−ν ,
a−νkmakja
ν
km = (akjamj)
ν akj (akjamj)
−ν , m < j,
a−νimakja
ν
im =
[
a−νij , a
−ν
mj
]ν
akj
[
a−νij , a
−ν
mj
]−ν
, i < k < m,
a−νimakja
ν
im = akj, k < i; m < j or m < k,
where ν = ±1.
The subgroup Un of Pn which is generated by a1,n, a2,n, . . . , an−1,n is free and normal in Pn.
The group Pn is a semi direct product of Un and Pn−1. Hence the group Pn is a semi direct product
Pn = Un ⋋ (Un−1 ⋋ (. . .⋋ (U3 ⋋ U2)) . . .),
where Ui =< a1,i, a2,i, . . . , ai−1,i >, i = 2, 3, . . . , n, is a free group of rank i− 1.
The braid group Bn has a faithful representation as a group of automorphisms of a free group
Fn =< x1, x2, . . . , xn > of rank n. The representation is induced by a mapping from Bn to Aut(Fn)
defined by
σi :


xi 7−→ xixi+1x
−1
i ,
xi+1 7−→ xi,
xl 7−→ xl l 6= i, i+ 1.
The generator ars of Pn defines the following automorphism
ars :


xi 7−→ xi if s < i or i < r,
xr 7−→ xrxsxrx
−1
s x
−1
r ,
xi 7−→ [x
−1
r , x
−1
s ]xi[x
−1
r , x
−1
s ]
−1 if r < i < s,
xs 7−→ xrxsx
−1
r .
By the theorem of Artin [7, Theorem 1.9] automorphism β ∈ Bn ⊂ Aut(Fn) if and only if β
satisfies to the two conditions
1) β(xi) = f
−1
i xπ(i)fi, 1 ≤ i ≤ n,
2) β(x1x2 . . . xn) = x1x2 . . . xn,
where π is a permutation of {1, 2, . . . , n} and fi = fi(x1, x2, . . . , xn) is a word in the generators of
Fn.
The automorphism of Fn calls conjugating automorphism if it satisfies condition 1). Let Cn
be a group of conjugating automorphisms. Obvious, that it has the normal subgroup Cbn with
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factor group Cn/Cbn isomorphic to the symmetric group Sn. The group Cbn calls the group
of basis–conjugating automorphisms. J. McCool [5] proved, that the group Cbn is generated by
automorphisms
εij :
{
xi 7−→ x
−1
j xixj i 6= j,
xl 7−→ xl l 6= i,
i ≤ i 6= j ≤ n, with defining relations
εijεkl = εklεij, (3)
εijεkj = εkjεij, (4)
(εijεkj)εik = εik(εijεkj). (5)
where distinct letters denote distinct indexes.
3 Decomposition of the group of basis–conjugating auto-
morphisms
In this section it will be proved that the structure of Cbn is similar to the structure of pure braid
group Pn. The result is the following:
Theorem 3.1 The group of basis–conjugating automorphisms Cbn, n ≥ 2 is a semi direct product
Cbn = Dn−1 ⋋ (Dn−2 ⋋ (. . .⋋ (D2 ⋋D1)) . . .),
where Di =< εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1 >, i = 1, 2, . . . , n − 1. Elements
εi+1,1, εi+1,2, . . . , εi+1,i generate a free group of rank i and elements ε1,i+1, ε2,i+1, . . . , εi,i+1 gen-
erate a free abelian group of rank i. This decomposition is consistent with the decomposition of
Pn, i. e., there is inclusion Ui+1 ≤ Di, i = 1, 2, . . . , n− 1.
As an immediate consequence of this theorem we obtain the normal form of words in Cn.
Corollary 3.1 Every element β ∈ Cn can be written in the form
β = β1β2 . . . βn−1πβ,
where πβ is a permutation automorphism and each βj belongs to the subgroup Dj.
For prove of the theorem 3.1 we need the following lemma which follow from defining relations
of Cbn
Lemma 3.1 The following conjugating rules are true in Cbn:
1) ε−νij εklε
ν
ij = εkl,
2) ε−νij εkjε
ν
ij = εkj,
3) ε−νij εkiε
ν
ij = ε
ν
kjεkiε
−ν
kj ,
4) ε−νij εikε
ν
ij = ε
ν
kjεikε
−ν
kj ,
5) ε−νij εjkε
ν
ij = [ε
−ν
kj , εik]εjk.
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where ν = ±1 and distinct letters denote distinct indexes.
Define the following subgroups in Cbn:
Di =< εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1 >, i = 1, 2, . . . , n− 1.
Lemma 3.2 Let k and l be the integer numbers such that 2 ≤ k < l ≤ n. Then the group Dk−1
lies in normalizer of Dl−1.
Proof: From definition we have
Dk−1 =< εk,1, εk,2, . . . , εk,k−1, ε1,k, ε2,k, . . . , εk−1,k >,
Dl−1 =< εl,1, εl,2, . . . , εl,l−1, ε1,l, ε2,l, . . . , εl−1,l > .
Let εk,i, 1 ≤ i ≤ k−1 be some generator of Dk−1. We should prove that element ε
−ν
k,idε
−ν
k,i , ν = ±1,
lies in Dl−1 for each generator d of Dl−1. By Lemma 1 we have the following conjugating rules:
ε−νki εljε
ν
ki = εlj, ε
−ν
ki εjlε
ν
ki = εjl, j 6= i, k,
ε−νki εliε
ν
ki = εli,
ε−νki εlkε
ν
ki = ε
ν
liεlkε
−ν
li ,
ε−νki εklε
ν
ki = ε
ν
liεklε
−ν
li ,
ε−νki εilε
ν
ki = [ε
−ν
li , εkl]εil.
We see that right parts of this rules lie in Dl−1. Hence in this case lemma is true.
Let εik, 1 ≤ i ≤ k− 1 be a generator of Dk−1. By Lemma 1 we have the following conjugating
rules:
ε−νik εljε
ν
ik = εlj, ε
−ν
ik εjlε
ν
ik = εjl, j 6= i, k,
ε−νik εlkε
ν
ik = εlk,
ε−νik εliε
ν
ik = ε
ν
lkεliε
−ν
lk ,
ε−νik εilε
ν
ik = ε
ν
lkεilε
−ν
lk ,
ε−νik εklε
ν
ik = [ε
−ν
lk , εil]εkl.
We see again that right parts of this rules lie in Dl−1. Hence the lemma is true in all cases. 
From this lemma with the help of induction we have
Corollary 3.2 Subgroup Dn−1 is normal in Cbn.
The following lemma is a part of Theorem 3.1.
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Lemma 3.3 If n ≥ 2 then the group of basis–conjugating automorphisms Cbn is a semi direct
product
Cbn = Dn−1 ⋋ (Dn−2 ⋋ . . . (⋋(D2 ⋋D1)) . . .),
where Di =< εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1 >, < εi+1,1, εi+1,2, . . . , εi+1,i >≃ Fi,
< ε1,i+1, ε2,i+1, . . . , εi,i+1 >≃ Z
i, i = 1, 2, . . . , n− 1.
Proof: For n = 2 we have
Cb2 = D1 =< ε21, ε12 > .
Since the group Cb2 has not relations, then D1 ≃ F2 = F1 ∗Z and we have the basis of induction.
We will prove that Cbn = Dn−1⋋Cbn−1. From Corollary 3.2 subgroup Dn−1 is normal in Cbn.
We divide defining relations (3)–(5) of Cbn on three parts which is not intersecting. In the first
part we pose defining relations which contain only generators from Dn−1. We see that in every
pair of generators of Dn−1 one index is equal to n. Hence in the first part of defining relations
only relations from (4) lie, i. e.
εinεjn = εjnεin, 1 ≤ i 6= j ≤ n− 1. (6)
Therefore ε1n, ε2n, . . . , εn−1,n generate the abelian subgroup of Dn−1. Also, it is not hard to check
that elements εn1, εn2, . . . , εn,n−1 are the free generators of free group Fn−1. In the second part
of relations relations lie only in generators of Cbn−1. The third part of relations relations in
generators of Dn−1 and Cbn−1 simultaneously lie. We should prove that this relations define an
action of Cbn−1 on Dn−1.
Consider relations from (3) which include generators of Dn−1 and Cbn−1 simultaneously. This
relations look as
εijεkn = εknεij, εijεnk = εnkεij, 1 ≤ i, j, k < n. (7)
From these relations we have the following conjugating rules
ε−νij εknε
ν
ij = εkn, ε
−ν
ij εnkε
ν
ij = εnk, ν = ±1. (8)
If defining relation from (4) includes generators of Dn−1 and Cbn−1, then it look as
εnjεkj = εkjεnj, 1 ≤ k, j < n.
From this relations we have
ε−νkj εnjε
ν
kj = εnj, 1 ≤ k, j < n ν = ±1. (9)
If relation from (5) includes generators of Dn−1 and Cbn−1 simultaneously, then this relation
has on of the following three types
(εijεnj)εin = εin(εijεnj),
(εnjεij)εni = εni(εnjεij),
(εinεjn)εij = εij(εinεjn), 1 ≤ i, j < n.
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From this relations we have the formulas of conjugating:
ε−νij εinε
ν
ij = ε
ν
njεinε
−ν
nj , (10)
ε−νij εniε
ν
ij = ε
ν
njεniε
−ν
nj , (11)
ε−νij εjnε
ν
ij = [ε
−ν
nj , εin]εjn, 1 ≤ i, j < n, ν = ±1. (12)
So, defining relations of Cbn which include generators of Dn−1 and Cbn−1 simultaneously are
equivalent to (8)–(12). Hence, we define action of Cbn−1 on Dn−1. Since Dn−1
⋂
Cbn−1 = 1 then
Cbn = Dn−1 ⋋ Cbn−1. From inductive hypothesis we have the needed decomposition. 
The group of conjugating automorphisms Cn include the group of basis–conjugating automor-
phisms Cbn. A. G. Savushkina [22] proved that Cn is a semi direct product Cn = Cbn⋋Sn of Cbn
and symmetric group Sn, where Sn generating by automorphisms:
αi :


xi 7−→ xi+1,
xi+1 7−→ xi,
xl 7−→ xl, l 6= i, i+ 1,
i = 1, 2, . . . , n− 1, and defining relations:
α2j = 1, j = 1, 2, . . . , n− 1, (13)
αjαj+1αj = αj+1αjαj+1, j = 1, 2, . . . , n− 2, (14)
αkαl = αlαk, 1 ≤ k, l ≤ n− 1, |k − l| ≥ 2. (15)
Whole group Cn is generated by εij, 1 ≤ i 6= j ≤ n; αk, 1 ≤ k ≤ n − 1 and defined by relations
(3)–(5), (13)–(15) and
εijαk = αkεij, k 6= i− 1, i, j − 1, j, (16)
εijαi = αiεi+1,j, εijαj = αjεi,i+1, εi,i+1αi = αiεi+1,i, (17)
(see [22, Lemma 1]).
Evidently, pure braid group Pn is subgroup of Cbn. We can express generators of Pn over
generators of Cbn.
Lemma 3.4 Generators of Pn can be express as
ai,i+1 = ε
−1
i,i+1ε
−1
i+1,i, i = 1, 2, . . . , n− 1, (18)
aij = εj−1,iεj−2,i . . . εi+1,i(ε
−1
ij ε
−1
ji )ε
−1
i+1,i . . . ε
−1
j−2,iε
−1
j−1,i =
= ε−1j−1,jε
−1
j−2,j . . . ε
−1
i+1,j(ε
−1
ij ε
−1
ji )εi+1,j . . . εj−2,jεj−1,j, 2 ≤ i+ 1 < j ≤ n. (19)
Proof: The formula (18) follows from actions of Pn and Cbn on free group Fn. For proof of
the first part of (19) we should verify that automorphism
aijεji(εj−1,iεj−2,i . . . εi+1,i)εij(ε
−1
i+1,i . . . ε
−1
j−2,iε
−1
j−1,i)
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is identical. For proof of the second part of (19) we should verify relation
εki(ε
−1
ij ε
−1
ji )ε
−1
ki = ε
−1
kj (ε
−1
ij ε
−1
ji )εkj, i+ 1 ≤ k ≤ j − 1. (20)
From Lemma 3.1 we have
εkiε
−1
ij ε
−1
ki = ε
−1
ij [εkj, εji], εkiε
−1
ji ε
−1
ki = ε
−1
ji .
We use this formulas and rewrite the left–hand side of (20) in the following form
εki(ε
−1
ij ε
−1
ji )ε
−1
ki = ε
−1
ij [εkj, εji]ε
−1
ji = ε
−1
ij ε
−1
kj ε
−1
ji εkj.
Since ε−1ij and ε
−1
kj are commutative, then we have (20). From this relation we have required
formula. 
Now we can complete the proof of the Theorem 3.1. We know that free group Ui+1 generating
by a1,i+1, a2,i+1, . . . , ai,i+1. By Lemma 3.4 we have
ak,i+1 = ε
−1
i,i+1ε
−1
i−1,i+1 . . . ε
−1
k+1,i+1(ε
−1
k,i+1ε
−1
i+1,k)εk+1,i+1 . . . εi−1,i+1εi,i+1, 1 ≤ k ≤ i− 1,
ai,i+1 = ε
−1
i,i+1ε
−1
i+1,i.
Hence Ui+1 is subgroup of Di.
If we use the Tit’s transformation, then not hard to prove thatDi generating by a1,i+1, a2,i+1, . . . , ai,i+1;
ε1,i+1, ε2,i+1, . . . , εi,i+1. The proof of the theorem is complete.
This theorem reduces the description of Cbn to the description of its subgroups Dn−1, . . . , D1.
We can see that this subgroups (with the exception of D1) have the complicated structure. In [8,
p. 167] the hypothesis was formulated that this subgroups are not finitely define.
By Theorem 3.1 we have Cb3 = D2 ⋋D1, where D2 =< ε31, ε32, ε13, ε23 >, D1 =< ε21, ε12 >≃
F2. Elements ε13 and ε23 from D2 are commute. Let us prove that there are many another
relations in D2. As it was noted in proof of Theorem 3.1 conjugation by element from D1 induses
automorphism of D2. This implies that if we conjugate relation ε13ε23 = ε23ε13 then we get relation
from D2. In particular, conjugating relation ε13ε23 = ε23ε13 by different powers of ε12 and ε21 we
get the following relations
[ε13ε23, ε
k
32ε13ε
−k
32 ] = 1,
[ε13ε23, ε
k
31ε23ε
−k
31 ] = 1,
for each integer k.
4 Some property of group of conjugating automorphisms
We find the abelianized groups Cn/C
′
n and Cbn/Cb
′
n from the following known fact.
Lemma 4.1 ([22, Theorem 1]). Group Cn is generated by automorphisms σi, αi, i = 1, 2, . . . , n−1
and determined by relations (1)–(2), (13)–(15) and
αiσj = σjαi, |i− j| ≥ 2, (21)
σiαi+1αi = αi+1αiσi+1, σiσi+1αi = αi+1σiσi+1. (22)
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Proposition 4.1 a) The abelianized group Cn/C
′
n, n ≥ 2, is isomorphic to Z2 × Z.
b) The abelianized group Cbn/Cb
′
n, n ≥ 2, is isomorphic to Z
n(n−1).
The group of inner automorphisms Inn(Fn) of Fn is subgroup of Cbn.
Proposition 4.2 Intersection Bn
⋂
Inn(Fn), n ≥ 2, is infinite cyclic group which generating by
inner automorphisms that is conjugation by x1x2 . . . xn.
Proof: immediately follows from Artin’s theorem (see § 2) which gives description of Bn as
subgroup of Aut(Fn). Elements from Bn fixing the product x1x2 . . . xn. Inner automorphisms
which has this property is only conjugation by (x1x2 . . . xn)
k, k ∈ Z. This completes the proof. 
We will show that Cn, n ≥ 2, can be generated at most 4 elements. By the Lemma 4.1 we
have
C2 =< α1, σ1 ‖ α
2
1 = 1 >≃ Z2 ∗ Z.
For n ≥ 3 we have
Proposition 4.3 The group Cn, n ≥ 3, can be generated by α1, α, σ1, σ with defining relations
σn = (σσ1)
n−1, σ1(σ
−jσ1σ
j) = (σ−jσ1σ
j)σ1, 2 ≤ j ≤ n/2, (23)
α2 = 1, αn = (α1α)
n−1, α1(α
−jα1α
j) = (α−jα1α
j)α1, 2 ≤ j ≤ n/2, (24)
α−iα1α
iσjσ1σ
−j = σjσ1σ
−jα−iα1α
i, 1 ≤ i, j ≤ n− 2, |i− j| ≥ 2, (25)
σi−1σ1σ
−(i−1)α−iα1αα1α
i−1 = α−iα1αα1α
i−1σiσ1σ
−i, 2 ≤ i ≤ n− 1, (26)
σi−1σ1σσ1σ
−iα−(i−1)α1α
i−1 = α−iα1α
iσi−1σ1σσ1σ
−i, 2 ≤ i ≤ n− 1. (27)
New and old generators connecting by formulas
σ = σ1σ2 . . . σn−1, α = αn−1αn−2 . . . α1, (28)
σi+1 = σ
iσ1σ
−i, αi+1 = α
−iα1α
i, 1 ≤ i ≤ n− 2. (29)
Proof: It is well–known [23, Chapter 6] that Bn, n ≥ 3, is generated by σ1 and σ and defined
by relations (23). Analogous, symmetric group Sn is generated by α1, α and defined by relations
(24). New and old generators are connecting by formulas (28) and (29). Hence in presentation of
Cn from the Lemma 4.1 we can replace the generators αi, σi, i = 1, 2, . . . , n − 1, by generators
α1, α, σ1, σ, and replace relations (1)–(2) by relations (23) and replace relations (13)–(15) by
relations (24). Substitute in relations (21)–(22) expression αi, σj through α, α1, σ1, σ, we obtain
(25)–(27). This completes the proof. 
Let V be a set of words in an alphabet of variables ranging over elements of group G. The
subgroup V (G) of the group G generated by all values of words from V ±1 is called the verbal
subgroup defined by the set V . The width wid(G, V ) of the verbal subgroup V (G) with respect
to V is defined to be the minimal number m ∈ N
⋃
{+∞} such that any element of V (G) can be
presented as a product of ≤ m values of words from V ±1.
Subgroup is called the proper subgroup if it is not trivial and it is not all group. The set V is
called the proper set of words, if the verbal subgroup V (F2) is a proper subgroup of F2. If V is
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not a proper set of words, then it is called unproper set of words. The width of verbal subgroup
with respect to unproper set of words is finite [24, Lemma 1]. If in group G each finite proper set
of words defines the proper verbal subgroup, then we will said that G is rich by verbal subgroups.
We will said that G has not proper verbal subgroups of finite width, if for each finite proper set V
the width wid(G, V ) is infinite.
Some years ago author has proved [25] that the braid group Bn for n ≥ 3 has not proper
verbal subgroups of finite width. This result finishes investigations of some authors which started
with the G. S. Makanin’s question from ”The Kourovka Notebook” (Unsolved problems in group
theory) [9].
The width of verbal subgroups for HNN–extensions and groups with one relations were inves-
tigated in [26]. The width of derived groups of some matrix groups over rings were investigated
in [27]. The connection between the width of derived group, commutator length and equations in
free group were studied in [28]. Some Artin groups were investigated in [29]. In this article were
proved
Lemma 4.2 ([29, Lemma 3]). If there is an epimorphism from G on group which has not proper
verbal subgroups of finite width and which is rich by verbal subgroups, then G also has not proper
verbal subgroups of finite width.
We will use this lemma and prove
Proposition 4.4 The group of bases–conjugating automorphisms Cbn for n ≥ 2 has not proper
verbal subgroups of finite width.
Proof: By the Theorem 3.1 there exists an epimorphism of Cbn for n ≥ 2 on Cb2. The group
Cb2 is isomorphic to F2. From result of A. H. Rhemtulla [24] we have that F2 has not proper
verbal subgroups of finite width and it is evident that F2 is rich by verbal subgroups. The result
follows from the Lemma 4.2. 
Question 4 Is it true that for n ≥ 2 the group Cn has not proper verbal subgroups of finite width?
5 Expansion of known linear representations of braid group
on Cn
The Burau representation ψ : Bn −→ GL(Wn) maps Bn in group of automorphisms GL(Wn) of
free n dimension module Wn over ring Z[q
±1] of Laurent polynomials with an integer coefficients.
If w1, w2, . . . , wn is a free basis of Wn, then ψ(σi), i = 1, 2, . . . , n−1 acts by the rule (we will write
σi(wj) or w
σi
j instead ψ(σi)(wj) or w
ψ(σi)
j accordingly):
σi(wi) = (1− q)wi + qwi+1,
σi(wi+1) = wi,
σi(wl) = wl, if l 6= i, i+ 1.
We will consider right action of Bn on Wn.
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A. G. Savushkina [22] proved that group of conjugating automorphisms Cn generating by au-
tomorphisms σ1, σ2, . . . , σn−1, α1, α2, . . . , αn−1 of free group Fn. The set σ1, σ2, . . . , σn−1 generates
braid group Bn and satisfy relations (1)–(2). The set of automorphisms α1, α2, . . . , αn−1 generates
the symmetric group Sn which defines by relations (13)–(15). Group Cn is defined by relations of
Bn, Sn and relations
αiσj = σjαi if |i− j| ≥ 2, (30)
σiαi+1αi = αi+1αiσi+1 if i = 1, 2, ..., n− 2, (31)
σi+1σiαi+1 = αiσi+1σi if i = 1, 2, ..., n− 2. (32)
Proposition 5.1 There is a linear representations ψ˜ : Cn −→ GL(Wn) of Cn which is an expan-
sion of Burau representation ψ : Bn −→ GL(Wn).
Proof: For the generators of braid group Bn we define ψ˜(σi) = ψ(σi). For the generators
α1, α2, . . . , αn−1 define the action on basis of Wn by equalities
αi(wi) = wi+1,
αi(wi+1) = wi,
αi(wl) = wl, if l 6= i, i+ 1.
Every elements of Cn is a word in alphabet σ
±1
1 , σ
±1
2 , . . . , σ
±1
n−1, α1, α2, . . . , αn−1. Hence we defined
the map ψ˜ : Cn −→ GL(Wn). We should prove that this map is homomorphism. For this we
should prove that all relations of Cn are carry out in ψ˜(Cn). It is a simple exercise. The proposition
is proved. 
We remind (see [14, 15, 16]) definition of faithful linear representation of Lawrence–Krammer
braid group Bn. Let Vn be a free module dimension m = n(n− 1)/2 with basis vij , 1 ≤ i < j ≤ n,
over ring Z[t±1, q±1] of Laurent polynomials on two variables. Then representation ρ : Bn −→
GL(Vn) was defined by action by σi, i = 1, 2, . . . , n− 1, on module Vn by equalities
σi(vk,i) = (1− q)vk,i + qvk,i+1 + q(q − 1)vi,i+1,
σi(vk,i+1) = vk,i if k < i,
σi(vi,i+1) = tq
2vi,i+1,
σi(vi,l) = tq(q − 1)vi,i+1 + (1− q)vi,l + qvi+1,l if i+ 1 < l,
σi(vi+1,l) = vi,l,
σi(vk,l) = vk,l if {k, l}
⋂
{i, i+ 1} = ∅.
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From this equalities it is not difficult to find the action by σ−1i :
σ−1i (vk,i) = vk,i+1,
σ−1i (vk,i+1) = q
−1vk,i + q
−1(q − 1)vk,i+1 − t
−1q−2(q − 1)vi,i+1 if k < i,
σ−1i (vi,i+1) = t
−1q−2vi,i+1,
σ−1i (vi,l) = vi+1,l if i+ 1 < l,
σ−1i (vi+1,l) = −q
−2(q − 1)vi,i+1 + q
−1vi,l + q
−1(q − 1)vi+1,l,
σ−1i (vk,l) = vk,l if {k, l}
⋂
{i, i+ 1} = ∅.
and the actions by ai,i+1 = σ
2
i (i = 1, 2, . . . , n− 1):
ai,i+1(vk,i) = (q
2 − q + 1)vk,i + q(1− q)vk,i+1 + q(q − 1)(tq
2 − q + 1)vi,i+1,
ai,i+1(vk,i+1) = (1− q)vk,i + qvk,i+1 + q(q − 1)vi,i+1 if k < i,
ai,i+1(vi,i+1) = t
2q4vi,i+1,
ai,i+1(vi,l) = tq(q − 1)(tq
2 − q + 1)vi,i+1 + (q
2 − q + 1)vi,l + q(1− q)vi+1,l if i+ 1 < l,
ai,i+1(vi+1,l) = tq(q − 1)vi,i+1 + (1− q)vi,l + qvi+1,l,
ai,i+1(vk,l) = vk,l if {k, l}
⋂
{i, i+ 1} = ∅.
We want to expansion the representation of Lawrence–Krammer on Cn. For this we should
define the action of Sn on module Vn. Let Sn act on the set {1, 2, . . . , n} by permutation. If π is
a permutation from Sn, then let π(vij) = vπ(i),π(j). Thus automorphism αi act on basis of Vn by
the rules:
αi(vk,i) = vk,i+1,
αi(vk,i+1) = vk,i if k < i,
αi(vi,i+1) = vi,i+1,
αi(vi,l) = vi+1,l if i+ 1 < l,
αi(vi+1,l) = vi,l,
αi(vk,l) = vk,l if {k, l}
⋂
{i, i+ 1} = ∅.
It is not difficult to see that this action define a homomorphism from Sn to GL(Vn). For this
we note that equalities for action of αi are obtained from equalities for action of σi if we take
q = t = 1. Hence relations (14)–(15) are valid. The relation α2i = 1 also are valid that is following
from the action of ai,i+1 = σ
2
i on Vn. Hence we construct the linear representation of Sn. As
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well–known if n ≥ 5 then Sn has a simple subgroup An of index 2 and our representation are
faithful. We have proved
Lemma 5.1 The linear representation Sn −→ GL(Vn) constructed above are faithful linear rep-
resentation of Sn.
We have the map of Cn in GL(Vn) to be defined by action on generators α1, α2, . . . , αn−1,
σ1, σ2, . . . , σn−1. This map is keep all relations which include only generators αi and keep all
relations which include only generators σi. We should consider remaining relations. It is not
difficult to show that all relations
αiσj = σjαi, if |i− j| ≥ 2,
σi+1σiαi+1 = αiσi+1σi,
are keep.
Consider relation σiαi+1αi = αi+1αiσi+1. Acting by the left–hand side of this relations on basis
of Vn we have
v
σiαi+1αi
k,i = (1− q)vk,i+1 + qvk,i+2 + q(q − 1)vi+1,i+2,
v
σiαi+1αi
k,i+1 = vk,i+1 if k < i,
v
σiαi+1αi
i,i+1 = tq
2vi+1,i+2,
v
σiαi+1αi
i,l = tq(q − 1)vi+1,i+2 + (1− q)vi+1,l + qvi+2,l if i+ 2 < l,
v
σiαi+1αi
i,i+2 = tq(q − 1)vi+1,i+2 + (1− q)vi,i+1 + qvi,i+2,
v
σiαi+1αi
i+1,l = vi+1,l if l > i+ 2,
v
σiαi+1αi
i+1,i+2 = vi,i+1,
v
σiαi+1αi
k,l = vk,l if {k, l}
⋂
{i, i+ 1, i+ 2} = ∅,
v
σiαi+1αi
k,i+2 = vk,i if k < i,
v
σiαi+1αi
i+2,l = vi,l.
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Acting by the right–hand side of this relations, we have
v
αi+1αiσi+1
k,i = (1− q)vk,i+1 + qvk,i+2 + q(q − 1)vi+1,i+2,
v
αi+1αiσi+1
k,i+1 = vk,i+1 if k < i,
v
αi+1αiσi+1
i,i+1 = tq
2vi+1,i+2,
v
αi+1αiσi+1
i,l = tq(q − 1)vi+1,i+2 + (1− q)vi+1,l + qvi+2,l if i+ 2 < l,
v
αi+1αiσi+1
i,i+2 = (1− q)vi,i+1 + qvi,i+2 + q(q − 1)vi+1,i+2,
v
αi+1αiσi+1
i+1,l = vi+1,l if l > i+ 2,
v
αi+1αiσi+1
i+1,i+2 = vi,i+1,
v
αi+1αiσi+1
k,l = vk,l if {k, l}
⋂
{i, i+ 1, i+ 2} = ∅,
v
αi+1αiσi+1
k,i+2 = vk,i if k < i,
v
αi+1αiσi+1
i+2,l = vi,l.
Comparing the actions of automorphisms σiαi+1αi and αi+1αiσi+1 on vi,i+2 we see that they
are equal if and only if t = 1. Therefore the following proposition is true
Proposition 5.2 The map ρ : Cn −→ GL(Vn) constructed above is a linear representation if and
only if t = 1.
For t = 1 Bn–module Vn is isomorphic to the symmetric square of Bn–module W and in this
case representation ρ : Cn −→ GL(Vn) is unfaithful for n ≥ 5. The question of the faithfulity of
this representation for n = 3, 4 remained open.
We can define the action of αi on Vn by another way. Not difficult to prove
Lemma 5.2 For every nonzero number x ∈ C the map ρ1 : Sn −→ GL(Vn) defining by action of
αi on the Vn by equalities
αi(vk,i) = xvk,i+1,
αi(vk,i+1) = x
−1vk,i if k < i,
αi(vi,i+1) = vi,i+1,
αi(vi,l) = xvi+1,l if i+ 1 < l,
αi(vi+1,l) = x
−1vi,l,
αi(vk,l) = vk,l if {k, l}
⋂
{i, i+ 1} = ∅.
is the faithful linear representation.
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If we will expand the map ρ1 on all Cn defining ρ1(σi) = ρ(σi), then we will have the map
ρ1 : Cn −→ GL(Vn). We see that this map keeps relations
σiαi+1αi = αi+1αiσi+1,
σi+1σiαi+1 = αiσi+1σi
if we take x = t−1/3. but in this case the relation αiσj = σjαi is not keep since
v
αiσj
i,j = x(1− q)vi+1,j + xqvi+1,j+1 + xq(q − 1)vj.j+1,
v
σjαi
i,j = x(1− q)vi+1,j + xqvi+1,j+1 + q(q − 1)vj.j+1,
and v
αiσj
i,j = v
σjαi
i,j if and only if x = 1. Since there not exist relations αiσj = σjαi in C3 then we
have
Proposition 5.3 The linear representation ρ1 : C3 −→ GL(V3) is expansion of Lawrence–Krammer
representation on C3.
6 Linear representations of braid groups of some
manifolds
As it was proved (see [7, Theorem 1.11; 32]) that braid group Bn(S
2) of the 2–sphere S2 admits
a presentation with generators δ1, δ2, . . . , δn−1 and defining relations:
δiδi+1δi = δi+1δiδi+1 if i = 1, 2, ..., n− 2,
δiδj = δjδi if |i− j| ≥ 2,
δ1δ2 . . . δn−2δ
2
n−1δn−2 . . . δ2δ1 = 1.
From this relations we see that Bn(S
2) is a homomorphic image of Bn. Since B2(S
2) is a cyclic
group of order 2 and B3(S
2) is a metacyclic group of order 12, then we will consider n > 3.
R. Gillette and J. Van Buskirk [30] have studied the structure of Bn(S
2). We recall some of
their results. Let
ai,i = 1, ai,j = δ
−1
i δ
−1
i+1 . . . δ
−1
j−2δ
2
j−1δj−2 . . . δi+1δi, 1 ≤ i < j ≤ n. (33)
These elements generate the pure braid group Pn(S
2) which is a kernel of homomorphism ν :
Bn(S
2) −→ Sn and ν send δi in transposition (i, i + 1), 1 ≤ i ≤ n − 1, from Sn. Let define the
subgroup An−i+1 =< ai,i+1, ai,i+2, . . . , ai,n > for each i = 1, 2, . . . , n − 1. Subgroup An is normal
in Pn(S
2) and we have the short exact sequence
1 −→ An −→ Pn(S
2) −→ Pn−1(S
2) −→ 1
and Pn(S
2) is a semi direct product: Pn(S
2) = An⋋Pn−1(S
2). The generators of An are connected
by the relation
a1,2a1,3 . . . a1,n = 1.
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Since the following relations are hold in Pn(S
2)
ai,i+1ai,i+2 . . . ai,i+n−1 = 1, i = 1, 2, . . . , n− 1,
where aj,i = ai,j if j > i and indices are taken modn, then
ai,n = a
−1
i,n−1 . . . a
−1
i,i+1a
−1
i−1,i . . . a
−1
1,i , i = 1, 2, . . . , n− 1.
Using this formulas we can exclude a1,n, a2,n, . . . , an−1,n from the set of generators of Pn(S
2). Hence
An−i+1 is freely generated by ai,i+1, ai,i+2, . . . , ai,n−1.
The center of Bn(S
2) is the cyclic group of order 2 generated by the Dirac braid
∆n = (δ1δ2 . . . δn−2)
n−1 = (a1,2a1,3 . . . a1,n−1)(a2,3a2,4 . . . a2,n−1) . . . (an−2,n−1).
The group Pn(S
2) was split in the semi direct product
Pn(S
2) = An ⋋ (An−1 ⋋ (. . .⋋ A3) . . .).
Let Ln = An ⋋ (An−1 ⋋ (. . . ⋋ A4) . . .). Since A3 is a cyclic group generating by an−2,n−1, then
Pn(S
2) = Ln× < ∆n >≃ Ln×Z2. Group Ln is isomorphic to subgroup Un⋋(Un−1⋋(. . .⋋U4) . . .) ≤
Pn.
The braid group of sphere closed relates with the group M(0, n) of mapping classes of the
n–punctured 2–sphere. Presentation of the M(0, n) derived from that of Bn(S
2) by adding the
relation: ∆n = (δ1δ2 . . . δn−2)
n−1 = 1. There is an epimorphism from Bn(S
2) to M(0, n). The
kernel of this epimorphism is equal to the center of Bn(S
2). A mapping class group of the n–
punctured 2–sphere can be visualized as an n–string braid between concentric 2–spheres, where
the inner sphere is free to execute full revolutions.
For M(0, n) there is a short exact sequence
1 −→ Ln −→M(0, n) −→ Sn −→ 1,
where Ln is a kernel of epimorphism ν : M(0, n) −→ Sn that map δi to the transposition (i, i+1),
i = 1, 2, . . . , n− 2.
A. I. Malcev [31, Lemma 1; 21] have proved that if H is subgroup of finite index in group G and
H is linear, then G is linear too. Recall his construction. Let |G : H| = m and ψ : H −→ GLl(F )
is a faithful linear representation of H by matrices of order l over field F . In this case G is a union
of right cosets
G = He
⋃
Hg2
⋃
. . .
⋃
Hgm.
For each g ∈ G we can write the product gig uniquely in the form higni, hi ∈ H . Therefore for
each g we have the sequence h1, h2, . . . , hm from H and the sequence numbers n1, n2, . . . , nm. For
the sequence {ni} we construct the matrix D(ni) with integer coefficients by the rule:
D(ni) =‖ dj,k ‖∈Mlm(Z), dj,nj = El, dj,k = 0 if k 6= nj ,
where El is identical matrix of order l. Then we can map g ∈ G to the matrix
diag(ψ(h1), ψ(h2), . . . , ψ(hm))D(ni).
Hence we constructed the linear representation of G in GLlm(F ). This linear representation is
faithful. Using this construction we will prove
Theorem 6.1 Let R = Z[t±1, q±1] be a ring of Laurent polynomials on two variables. Then the
groups M(0, n) and Bn(S
2) are linear for each n ≥ 2. For each n ≥ 4 there are inclusion maps
ϕ :M(0, n) −→ GLm(R) and ϕ1 : Bn(S
2) −→ GLm1(R), where m = (n−1)(n−2)n!/2, m1 = 2m.
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Proof: As we noted above, if n = 2, 3 groups M(0, n), Bn(S
2) are finite and hence are
linear. Since Ln is isomorphic to subgroup of Bn, then there are faithful linear representation
ρ : Ln −→ GLl(R) for l = (n−1)(n−2)/2. This representation is induced by Lawrence–Krammer
representation of Bn.
Let m1, m2, . . . , mn! be coset representatives of M(0, n) by subgroup Ln. Since M(0, n) is
generated by δ1, δ2, . . . , δn−1 then we can define ϕ only on these elements. Each generator δk acts
on set of coset representatives by permutation. We find
miδk = h
k
imπk(i), i = 1, 2, . . . , n!, k = 1, 2, . . . , n− 1,
where symbol k in the upper part is an index but not exponent (this rule will be true to the end
of this proof). To compare with δk the matrix
ϕ(δk) = diag(ρ(h
k
1), ρ(h
k
2), . . . , ρ(h
k
n!))π(δk) ∈ GLm(R),
where diag(ρ(hk1), ρ(h
k
2), . . . , ρ(h
k
n!)) is a block–diagonal matrix; π(δk) is a block–monomial matrix
in which the block on position (j, π(j)) is an identical matrix of order l, but the block on position
(j, s) for s 6= π(j) is a null matrix of order l. This linear representation ϕ is a faithful representation
of M(0, n).
Consider the group Bn(S
2). This group contains the linear subgroup Ln index 2n!. As a set
of right coset representatives of Bn(S
2) by subgroup Ln we take elements mi∆
ǫ
n, i = 1, 2, . . . , n!,
ǫ = 0, 1, where ∆n is the generator of center of Bn(S
2). Since Bn(S
2) is generated by δ1, δ2, . . . , δn−1
then it is enough to define representation ϕ1 on these elements. Let us ordere the coset repre-
sentatives mi∆
ǫ
n and denote them by n1, n2, . . . , n2n!. Each generator δk of Bn(S
2) acts on these
representatives by the rules
njδk = g
k
j nπk(j), j = 1, 2, . . . , 2n!, k = 1, 2, . . . , n− 1.
To compare with δk the matrix
ϕ1(δk) = diag(ρ(g
k
1), ρ(g
k
2), . . . , ρ(g
k
2n!))π(δk) ∈ GL2m(R),
where diag(ρ(gk1 ), ρ(g
k
2), . . . , ρ(g
k
2n!)) is a block–diagonal matrix and π(δk) is a block–monomial
matrix in which the block on position (j, π(j)) is an identical matrix of order l but the block on
position (j, s) for s 6= π(j) is a null matrix of order l. This linear representation ϕ1 is a faithful
representation of Bn(S
2) over ring R. Since R is included in the field of complex numbers C (it
is enough to take numbers t and q which are non–zero transcendental over Q) then we obtain the
required assertions. 
Let P 2 be a projective plane. The braid group Bn(P
2), n ≥ 1, admits a presentation [32] with
generators δ1, δ2, . . . , δn−1, ρ1, ρ2, . . . , ρn and defining relations:
δiδi+1δi = δi+1δiδi+1 if i = 1, 2, ..., n− 2,
δiδj = δjδi if |i− j| ≥ 2,
δiρj = ρjδi, j 6= i, i+ 1,
ρi = δiρi+1δi if i = 1, 2, ..., n− 1,
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ρ−1i+1ρ
−1
i ρi+1ρi = δ
2
i if i = 1, 2, ..., n− 1,
δ1δ2 . . . δn−2δ
2
n−1δn−2 . . . δ2δ1 = ρ
2
1.
It is clear that the map taking δi onto the transposition (i, i+1), i = 1, 2, . . . , n−1, and each ρj
onto the identity is homomorphism of Bn(P
2) onto the symmetric group Sn, with kernel Pn(P
2).
The group B1(P
2) is a cyclic group of order 2, B2(P
2) is a finite group of order 16. For
n ≥ 3 the group Bn(P
2) is infinite. Consider the case n = 3. The group P3(P
2) contains a free
subgroup A3(P
2) =< ρ1, a2, a3 ‖ a2a3 = ρ
2
1 >, where a2 = δ
2
1 , a3 = δ
−1
1 δ
2
2δ1. The factor group
P3(P
2)/A3(P
2) ≃ P2(P
2) is a quaternion group of order 8. The set
{1, δ1, δ2, δ2δ1, δ1δ2, δ1δ2δ1}
is a right coset representatives of B3(P
2) by P3(P
2). Note that P2(P
2) has a presentation
P2(P
2) =< ρ2, ρ3 ‖ ρ
2
2 = ρ
2
3 = (ρ3ρ2)
2 > .
In P3(P
2) the following relations are true:
ρ−ǫ3 a2ρ
ǫ
3 = a2, ǫ = ±1, ρ
−1
j ρ1ρj = ρ1a
−1
j , j = 2, 3,
ρ−12 a3ρ2 = a2a3a
−1
2 , ρ
−1
2 a2ρ2 = ρ1a
−1
2 ρ
−1
1 .
From defining relations of B3(P
2) we get δ1, δ2.
Lemma 6.1 In B3(P
2) the following rules of conjugating are true
aδ12 = a2, ρ
δ1
1 = ρ2a2, ρ
δ1
2 = a
−1
2 ρ1, ρ
δ1
3 = ρ3,
aδ22 = ρ
2
1a
−1
2 , ρ
δ2
1 = ρ1, ρ
δ2
2 = ρ3δ
2
2 , ρ
δ2
3 = δ
−2
2 ρ2.
Since A3(P
2) is a free group with free generators ρ1, a2 then using Sanov’s representation [21]
we can include A3(P
2) in SL2(Z) assuming
ρ1 =
(
1 2
0 1
)
, a2 =
(
1 0
2 1
)
as images of ρ1 and a2 accordingly.
The group P3(P
2) is an extension of A3(P
2) by the group of quaternion of order 8. Let as
chose the set
{e, ρ2, ρ
2
2, ρ
3
2, ρ3, ρ3ρ2, ρ3ρ
2
2, ρ3ρ
3
2}
as the set of coset representatives of P3(P
2) by A3(P
2). Thus the free group A3(P
2) has index 48
in B3(P
2). Using Malcev’s construction we get
Theorem 6.2 Braid group B3(P
2) of projective plane P 2 is included in SL96(Z).
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7 The faithful linear representation of Aut(F2)
It is known [17] that Aut(Fn) is not linear for n ≥ 3. If n = 2 then in [20] was proved that
Aut(F2) is linear if and only if B4 is. Since B4 is linear then we can construct the faithful linear
representation of Aut(F2). Recall some results from [20].
Let B∗4 = B4/Z(B4) where Z(B4) is a center of B4. As it was noted above Z(B4) is an infinite
cyclic group generating by ∆4 = (σ1σ2σ3)
4. The group B∗4 is isomorphic to Aut
+(F2) which is
preimage of SL2(Z) by homomorphism ξ : Aut(F2) −→ GL2(Z) sending automorphism of F2 to
automorphism of Z2. The group Aut+(F2) is subgroup of index 2 in Aut(F2).
Let ρ : B4 −→ GL6(C) be a faithful linear representation of Lawrense–Krammer. M. Zino [33]
have proved that this representation is irreducible.
Denote by F subgroup of B4 generating by x = σ1σ
−1
3 , y = σ2σ1σ
−1
3 σ
−1
2 . This group is free
with free generators x, y and is normal in B4. Inner automorphisms of B4 induced automorphisms
of F , i. e., there is epimorphism h : B4 −→ Aut
+(F2). The kernel of this epimorphism is equal to
the center of B4 and images of generators σ1, σ2, σ3 defining automorphisms
h(σ1) = α1 :
{
x 7−→ x,
y 7−→ yx−1,
h(σ2) = α2 :
{
x 7−→ y,
y 7−→ yx−1y,
h(σ3) = α3 :
{
x 7−→ x,
y 7−→ x−1y.
The whole group Aut(F2) is generated by automorphisms
P :
{
x 7−→ y,
y 7−→ x,
ω :
{
x 7−→ x−1,
y 7−→ y,
U :
{
x 7−→ xy,
y 7−→ y,
and defined by relations
P 2 = ω2 = (ωP )4 = (PωPU)2 = (UPω)3 = [ω, ωUω] = 1.
The following formulas are hold
α1 = PU
−1P, α2 = PUωU
−1, α3 = PωUωP.
Using the Lawrense–Krammer representation ρ : B4 −→ GL6(C) we find the images of gener-
ators of B4:
ρ1 = ρ(σ1) =


tq2 0 0 0 0 0
tq(q − 1) 1− q 0 q 0 0
tq(q − 1) 0 1− q 0 q 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1


,
ρ2 = ρ(σ2) =


1− q q 0 q(q − 1) 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 tq2 0 0
0 0 0 tq(q − 1) 1− q q
0 0 0 0 1 0


,
21
ρ3 = ρ(σ3) =


1 0 0 0 0 0
0 1− q q 0 0 q(q − 1)
0 1 0 0 0 0
0 0 0 1− q q q(q − 1)
0 0 1 0 0 0
0 0 0 0 0 tq2


.
It is not difficult to check that (ρ1ρ2ρ3)
4 = t2q8E6 is the image of center of B4. Let µ = 1/
12
√
t2q8
and define ρ(σi) = µρ(σi) = µρi. Then ρ induce the faithful linear representation of B
∗
4 ≃ Aut
+F2.
Since Aut+F2 is subgroup of index 2 in AutF2 then e and ω is a right coset representatieves.
It is not difficult to check
Lemma 7.1 In AutF2 the following equalities are hold
1) ωα1 = α
−1
1 ω,
2) ωα2 = α3α1α
−1
2 α
−1
1 α
−1
3 ω,
3) ωα3 = α
−1
3 ω.
Since AutF2 is generated by automorphisms α1, α2, α3, ω, then acting on coset representatives
of AutF2 by Aut
+F2 we find the correspondence diagonal and monomial matrix. Define
ψ(α1) = diag(ρ1, (ρ1)
−1), ψ(α2) = diag(ρ2, ρ3ρ1(ρ2)
−1(ρ1)
−1(ρ3)
−1),
ψ(α3) = diag(ρ3, (ρ3)
−1), ψ(ω) =
(
0 E6
E6 0
)
,
where E6 is the identical matrix of order 6 and ρi defined above. If we conjugate this representation
by matrix c = diag(E6, ρ3ρ1) we receive the new representation:
ψ(αi) = c
−1ψ(αi)c =
(
ρi 0
0 ρ−1i
)
, i = 1, 2, 3; ψ(ω) = c−1ψ(ω)c =
(
0 ρ3ρ1
(ρ3ρ1)
−1 0
)
. (34)
The following theorem is true
Theorem 7.1 The map ψ : AutF2 −→ GL12(Z[t
±1, q±1]), defining on generators in (34) is a
faithful linear representation of AutF2.
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